For primordial black holes (PBH) to form a considerable fraction of cold dark matter, the required amplitude of primordial scalar perturbations is quite large (P ζ (k) ∼ 10 −2 ) if PBH is formed in radiation epoch. In alternate cosmological histories, where additional epochs of arbitrary equation of state precede radiation epoch, the dynamics of PBH formation and relevant mass ranges can be different leading to requirement of lower primordial power at smaller scales of inflation. Moreover, this alternate history can modify the predictions for the gravitational wave (GW) spectrum, which can be probed by upcoming GW observations. In this paper we show that an early kination epoch can lead to percent level abundance of PBH for a lower amplitude of P ζ (k) as compared to PBH formation in a standard radiation epoch. Moreover, we calculate the effect of early kination epoch on the GW spectrum for first and second orders in perturbation which show enhancement in the amplitude of the GW spectrum in a kination epoch with respect to that in a standard radiation epoch.
Introduction
The phenomenology of the early universe has entered a phase more rich than ever considering the numerous theoretical models in literature as well as the huge influx of data from several present and upcoming observations. The inflationary epoch, predicting quasi-exponential expansion for ∼ 55 e-folds before hot big bang expansion, is constrained by the Cosmic Microwave Background (CMB) surveys (latest is Planck 2018 [1, 2] ), which predict the power spectrum of the primordial scalar fluctuations to be slightly red-tilted. However, CMB only probes 10 − 15 e-folds around the pivot scale k CMB pivot = 0.002 Mpc −1 . Lack of direct probe for the remaining ∼ 40 e-folds leaves room for exploration where some models of inflation may have non-standard predictions. A possible deviation from the red-tilt of the scalar power spectrum can take place for these smaller scales of inflation, which can lead to a rise in the scalar power spectrum. When these scales re-enter the horizon, the large density fluctuations may collapse gravitationally to form primordial black holes (PBH).
PBH are non-relativistic and effectively collisionless and therefore have been proposed to be a dark matter (DM) candidate in early literature [3] [4] [5] . PBH as a candidate for DM has regained attention after the first detection of gravitational waves (GW) by Advanced LIGO/VIRGO in 2017 [6] [7] [8] [9] [10] [11] [12] . These GW interferometers have since detected several binary black hole mergers with mass of the initial components ranging from 8 − 40M . Stellar black holes, which form at the end points of stellar evolution under gravitational collapse after a supernova explosion, rarely have mass ≥ 10M as constrained from the X-ray emission from their accretion disks. Moreover, given the high merging rates inferred by LIGO/VIRGO and the observed low effective spin point towards the possibility that the detected massive BH are of primordial origin.
Although solar mass black holes are interesting given the detections of GW interferometers till date, the range of possible PBH mass M and their abundance f PBH (M ) is constrained from many cosmological and astrophysical observations [13] . Due to Hawking radiation, PBHs evaporate on a time scale t ev = 5120πG 2 M 3 c 4
, so that PBHs of mass lower than ∼ 10 15 gm have completely evaporated by now. PBHs of mass M ∼ 10 16 gm are on the verge of complete evaporation and thus have remnants from their Hawking evaporation in the extragalactic photon background, which is constrained with experiments such as Fermi Large Area Telescope [13] . Lack of femtolensing detection in Fermi experiment [14] signifies that PBHs of mass M ∼ 5 × 10 17 − 10 20 gm cannot contribute to a large fraction whereas lack of microlensing events in EROS survey [15] and MACHO collaboration [16] constrain the abundance of PBH in the mass range M ∼ 10 26 − 10 33 gm. For massive PBHs, X-ray emission near PBH due to accretion of gas may modify recombination history and therefore affect spectral distortions and temperature anisotropies in CMB which constrain the abundance of PBHs with solar mass and above [17, 18] . However, considering late time merging of PBHs, sub-solar mass PBHs can give rise to solar and super-solar mass PBHs that are observed now. Considering all these bounds, there is a very small range of masses M ∼ 10 20 − 10 23 gm with feeble constraints from microlensing experiments such as Subaru HSC [19] , where PBH can still constitute the totality of DM.
PBH formation during radiation domination requires a large amplitude of the primordial curvature perturbation P ζ (k) 0.02, much larger than P ζ (k) = 2.1 × 10 −9 constrained by CMB observations [2] at CMB relevant scales. Numerous studies have been done inspecting possible rise in power at smaller scales k > k CMB for several theoretically and phenomenologically motivated models of inflation [20-32, 43, 45] . For single field slow roll models of inflation, it is hard to achieve an ultra slow-roll ( ∼ 10 −7 ) for smaller scales necessary for large power which is sometimes achieved by including an inflection point in the inflaton potential. For multi-field models of inflation and warm inflation it is possible to achieve large power in the last 40 efolds of inflation involving the dynamics of fields other than inflation. However, if PBH is formed in a pre-BBN epoch where the effective equation of state is different from 1/3, then the critical density contrast and the background evolution are different which leads to a modification in the resulting PBH abundance. [33] [34] [35] [36] [37] [38] analyse formation of PBH in an early matter dominated epoch whereas [32] explore PBH formation during reheating. However, in alternate cosmological histories where a non-standard epoch precedes radiation epoch before BBN, the effective equation of state can even be 1/3 < w < 1. In this paper, we consider formation of PBH in such a non-standard pre-BBN epoch and analyse the resulting PBH abundance.
During inflation, the quantum fluctuations of inflaton and metric perturbations result in fluctuations at all scales. Scalar, vector and tensor fluctuations evolve independent of each other in the first order of perturbation theory, however their evolutions are coupled when one considers second and higher order perturbations. The primordial tensor power spectrum at the first order is almost scale-independent with very small amplitude and the resulting gravitational waves (GW) energy density Ω GW following a standard post-inflationary evolution until now is beyond the reach of the sensitivities of current GW observations. But, the large curvature power spectra at small scales of inflation may give rise to large amplitude of tensor power spectrum at the second order leading to large Ω GW at high frequencies f = ck/2π, which can be within the sensitivity range proposed by the upcoming GW surveys such as Pulsar Time Arrays (PTA), LISA and DECIGO [39] [40] [41] [42] . [44] has explored second order GW spectra for several forms of primordial curvature power spectra with large amplitudes at small scales, which lead to PBH formation in radiation epoch. Here we analyse the effect of a non-standard pre-BBN epoch on first and second order GW spectra given large amplitude of primordial curvature power spectrum at small scales (high frequencies).
In this paper, we show the predictions for PBH and GW in an alternate cosmological history where a kination epoch (w = 1) takes place between end of inflation and onset of radiation. 1 The relevant quantities are derived in terms of a general w in the range 1/3 < w < 1 throughout, but the final results are shown only for w = 1 for clarity and simplicity. The rest of this paper is organized as follows. In Sec. 2 we discuss the evolution of the energy density in the presence of a non-standard pre-BBN epoch. In Sec. 3 we derive the formation mechanism of PBH in such a non-standard epoch and compare the resulting abundance to PBH formation in a radiation epoch. In Sec. 4, we consider different primordial curvature power spectra to arrive at an exact result for the PBH mass spectrum and abundance formed in an early kination epoch and we compare the results to those in radiation epoch resulting from the same set of power spectra. In Sec. 5, we have derived the GW spectrum for the modified pre-BBN evolution. In Subsection 5.1, the enhancement first order GW spectrum is shown as a function of the scale of inflation H inf and in Subsection 5.2, the second order GW spectrum is derived for an early kination epoch. In Sec. 6, discuss out results, conclude and comment on the possible future directions.
Pre-radiation epoch of stiff domination
The observed abundance of light elements predicts that Big Bang Nucleosynthesis (BBN) must have taken place during radiation domination at T BBN 1MeV and the evolution before that T > T BBN remains inaccessible to direct observational techniques. Assuming instant reheating of the universe after inflation, the post-inflationary pre-BBN epoch is considered to be radiation dominated in the standard big bang evolution. The simplest deviation from this scenario involves a reheating process where the inflaton field oscillates around the minimum of the potential for a few e-folds with an average equation of state 0 < w < 1/3 (for V (φ) ∝ φ p with p ≤ 4). Many models of inflation predict additional epochs after reheating when an additional scalar field in the theory, which was inactive during inflation, dominates with an effectively matter-like equation of state (w = 0) and decays, such as moduli domination at the end of several string theory inspired models of inflation. However, in general there can be a post-inflationary epoch with a stiff equation of state 1/3 < w < 1 which dominates the energy density before the onset of radiation domination [46] . Such a stiff dominated (SD) epoch may arise when a sterile field enters the post-inflationary phase with dominant energy density that falls faster than radiation energy density with time. A particular well-studied example are quintessence models of inflation [48, 49] where the post-inflationary epoch is dominated by the inflaton's kinetic energy with equation of state w ≈ 1 before transition into the radiation epoch sometime before BBN. As the universe expands, a smooth transition from such an early kination epoch (ρ ∼ a −6 ) to radiation domination (ρ ∼ a −4 ) takes place at temperature T 1 .
We consider a stiff dominated epoch with a constant equation of state w which dominates the energy density of the universe from the end of inflation until the onset of radiation at temperature T 1 . We assume instantaneous transition from SD to radiation domination at T 1 . The energy density at any time during this SD epoch is given in terms of the temperature at that time:
.
And the energy density of SD and radiation can be equated at the transition such that:
where g * signifies the number of degrees of freedom. Moreover, conservation of entropy provides:
where g s is the entropy number of degrees of freedom. Therefore,
Evidently, this epoch has the maximum energy density at T = T reh (or T = T infl.end for an instantaneous reheating) and minimum possible energy density at T 1 = T BBN 1MeV equal to the radiation energy density at T 1 . If PBH formation takes place in such a SD epoch with 1/3 < w < 1, then the modified background evolution can affect the abundance of PBH corresponding to the modes entering the horizon in this epoch. The evolution of the source-free first order tensor power spectrum is different in a SD epoch as compared to radiation epoch [47] and can have an effective w-dependent blue-tilt. Moreover, the large amplitude of the primordial curvature power spectrum can source a large tensor power spectrum when second and higher order perturbation theory is considered. The resulting tensor power spectrum will evolve differently in a pure radiation epoch after inflation and in such an alternate cosmological history leading to different Ω 0 GW h 2 that can be probed by future GW interferometers. In rest of this paper, we present the calculations and basic notions for PBH formation dynamics and GW spectrum in terms of a general stiff epoch with equation of state (e.o.s.) w, however, for the sake of clarity, while showing final results and plots, we resort particularly to an early kination epoch, w = 1.
Formation of PBH
PBH can be formed in the early universe when the density fluctuations of high amplitude re-enter the Hubble horizon at post-inflationary epochs and collapse gravitationally below the Schwarzschild radius. The mass of the PBH at formation is:
where M H is the horizon mass, γ describes the efficiency of the gravitational collapse [5] and H is the Hubble parameter at formation. PBH formation in the radiation epoch is studied in great detail in literature 2 . However, as discussed in the introduction, the critical density contrast in radiation domination is such that the amplitude of primordial scalar power necessary for PBH production during radiation epoch is ∼ 10 −2 . In this section, we analyze the energy budget of PBHs formed during a stiff epoch with arbitrary 1/3 < w < 1 and analyze if considerable PBH abundance can be achieved with a lower amplitude of primordial scalar power. The Friedmann equation for a stiff epoch can be written as :
For a PBH formed in this epoch, the mass at formaion is:
(3.
2) The mass of a PBH formed in this epoch can be expressed in terms of the wavenumber k of the fluctuations that entered the horizon 3 at temperature T . The Hubble parameter can be written as:
where H eq is the Hubble parameter at T eq . Therefore, combining Eq. (3.1) and Eq. (3.3), the mass of PBH corresponding to mode k is:
Now, the abundance of PBHs of mass M over the logarithmic interval d ln M can be estimated as:
where Ω PBH (M ) is the density contribution of PBHs of mass M of the total contribution Ω c from cold dark matter. So, f PBH (M ) = 1 means that PBHs with a monochromatic mass distribution of mass M constitute all of the cold dark matter. For a general mass distribution, f PBH (M ) can be determined neglecting the accretion and evaporation of the PBHs. Thus, for PBHs formed in a post-reheating SD epoch of our consideration, the abundance will depend on the fractional contribution of PBHs at the end of that epoch, i.e., ρ PBH (M )| T 1 . The fraction of the universe collapsing into black holes of masses between M and M + d ln M can be estimated in the Press-Schechter model of gravitational collapse as:
where δ c the critical density contrast of perturbations to gravitationally collapse and form PBH.
σ(M ) is the variance of curvature fluctuations and is related to the primordial fluctuations through an window function W (k, R). Generally W (k, R) is considered to be simple top hat function centered at k P BH over which the power spectrum P ζ (k) varies linearly [50] .
The dependence of the critical density constrast on the equation of state has been studied analytically [5] and numerically [51] and we will consider the more precise numerical form [51] 
Considering σ 2 (M ) = P ζ (k), the function β(M ) can be written explicitly in terms of curvature perturbation spectrum P ζ (k) as:
After formation, ρ PBH grows as matter (a 3 ), whereas the background energy density grows as ∼ a −3(1+w) until the temperature reaches T 1 and then as ∼ a 4 until matter-radiation equality at T eq . Moreover, at the time of formation (PBH of mass M is formed at temperature T ), only a fraction γβ(M ) of the total energy density turns into PBH. Therefore, considering all these factors,
Here, in the second line we have used the condition that matter and radiation energy density are equal at T eq . Similarly, in the third line, we have used ρ φ 1 (T 1 ) = ρ rad (T 1 ). Using the conservation of entropy density at T eq , T 1 and T ,
Eq. (3.9) can be written in terms of temperature T of PBH formation as:
Substituting T from Eq. (3.2) in Eq. (3.11), the abundance can be expressed in terms of M as:
Therefore, for an extended mass distribution, the total abundance of PBH is:
(3.14)
Eq. (3.11) can express the abundance of PBHs of mass M produced in a radiation epoch with the limit w → 1/3 and T 1 → T eq , so that,
, since ζ c = 1.02 in a radiation dominated epoch. Thus, for any given primordial power P ζ (k), the gain in the abundance of PBH in a stiff dominated epoch over a radiation dominated epoch is:
For all 1/3 < w < 1, we find g f > 1 even for an instantaneous SD, i.e., T T 1 . Therefore, a lower amplitude of the curvature power spectrum than that required for PBH formation in radiation epoch can lead to a considerable percent level PBH abundance for a PBH formation in SD epoch.
Analysis for different primordial power spectra
In this section, we study three different types of primordial curvature power spectra from a phenomenological approach from similar motivations as [44] . Apart from the first case, which provides a clear idea about requirement of smaller power in a SD epoch, other two cases are motivated by theories of inflation.
Scale invariant power spectrum
Here, we consider a constant amplitude of the primordial curvature power spectrum for all modes beyond k p such that:
where P p is the power at all scales with k > k p . We emphasize that such a constant amplitude of the scalar power at small scales is not motivated by theoretical considerations and eventually leads to a considerable abundance of PBH for all the masses below M (k p ), however, we show the results for this case for simplicity and completion. 
Broken power law power spectrum
In various scenarios where PBH is produced from domain walls or vacuum bubbles [53] , the relevant primordial curvature power spectrum has a broken power law expansion such as:
We consider the case where m = 3 and n = 0.5.
Gaussian power spectrum
In many models of smooth waterfall hybrid inflation [43] and several inflection point models of inflation [45] , the potential features a plateau for a few e-folds before the end of inflation. This plateau regime of the potential can lead to a peak in the curvature power spectrum which, at the simplest approach, can be written as a Gaussian power spectrum of the following form: 4) where N k = ln(a(k)/a end ) is the number of e-folds before the end of inflation when the mode k exits the horizon such that N p = ln(a(k p )/a end ) and we consider σ p = 3. For all three power spectra, the first term represents a red-tilted power spectrum at the CMB relevant scales, as constrained by Planck [2] , with A s = 2.1 × 10 −9 , n s = 0.9649 and k * = 0.002 Mpc −1 . The second part of P ζ (k), which reaches maximum amplitude at k = k p for the Broken power law and Gaussian power spectrum, is relevant for leading to PBH formation of considerable abundance. The peak scale k p shifts the features in the power spectrum along the mass of PBH whereas, theoretically, k p is related to the dynamics of the underlying inflation model 5 .
The peak mode k p = 2 × 10 6 Mpc −1 is relevant for formation of solar mass PBH, which is explored in [44] for PBH formation in a radiation epoch. However, in this paper we explore the implications of k p = 2 × 10 6 Mpc −1 for PBH formed in an early kination epoch. Fig. 2 shows the mass spectrum for PBH for the scale-invariant (red), broken power law (blue) and Gaussian (green) power spectra with respect to several astrophysical and cosmological constraints (grey solid lines). This figure clearly points to a higher abundance f PBH (M ) for PBH formation in an early kination epoch (solid lines) than formation in a radiation epoch (dashed lines). The right panel of the same figure shows the variation of the total PBH abundance f tot PBH as a function of a general SD e.o.s. w in solid lines for three different power spectra, in comparison with PBH formation in a radiation epoch (represented by stars in the plot), which shows a gain in total abundance for the SD scenario as well and the gain increases as one moves farther away from w = 1/3. Here, we have considered T 1 10 MeV that corresponds to PBH of a few solar mass in a radiation epoch. Therefore, with k p = 2×10 6 Mpc −1 the feature of the primordial power spectra spans through some part of the radiation epoch after SD as well. Thus, the mass spectrum in the left panel of Fig. 2 makes a transition from large abundance (solid lines) in a kination epoch to small abundance (dashed lines) in a radiation epoch at M = M (T 1 ). Evidently, such a kination epoch is not helpful to have larger abundance for PBHs with M M , but an such extremely massive PBHs can be formed at later epochs via merging of two or more solar or subsolar mass PBHs.
The same analysis has been carried out for k p = 6 × 10 12 Mpc −1 corresponding to the frequency f 0.01 Hz which is the maximum sensitivity region for future LISA mission. As we derive the prediction for GW in presence of such early SD epochs in later sections, with k p = 6 × 10 12 Mpc −1 we determine the amplitude of the curvature power spectrum required for a considerable abundance of PBHs of relevant masses around 10 −17 M < M < 10 −10 M for the Gaussian power spectrum and 10 −16 M < M < 10 −13 M for the broken power law power spectrum 6 . In this case, the transition to RD is taken to be at T 1 = 100M eV . Left panel of fig. 2 shows the mass spectrum for PBH for the three different power spectra and clearly points to a gain in abundance for an early kination epoch. The right panel in fig. 2 shows the variation of the total PBH abundance f tot PBH as a function of w which signify a gain in total PBH abundance for w > 1/3 over radiation epoch w = 1/3.
The lower requirement for the amplitude of primordial power P p is shown in the Table 1 which shows a significant improvement for w = 1 epoch with respect to the radiation epoch, specifically for the case k p = 6 × 10 12 Mpc −1 .
Modification of the Gravitational Wave spectra
Stochastic background of GW arise inevitably from the primordial tensor fluctuations given a model of inflation. Standard single field slow roll inflation models lead to the tensor power spectrum with a slight blue-tilt n t , which has a lower bound from the observed tensor to scalar ratio r < 0.067 and the single field consistency relation r = −8n t . The evolution of the primordial tensor fluctuations is source-free in the first order of perturbation theory. The energy density of GW today is determined as 
First order perturbation theory
In the first order of perturbations, after horizon re-entry, the evolution of the source free tensor fluctuations depend on the e.o.s. w, the temperature of transition from SD to radiation: T 1 . The primordial tensor perturbations depend on the scale of inflation H inf . Tracking the growth of GW from the first order tensor fluctuations from horizon re-entry until today, the GW energy density is [47] :
where α = 2 1+3w and
The resulting GW for an early kination epoch w = 1 for T 1 = 490 GeV is shown in Fig. 4 . The bounds on GW from LIGO O1, O2 and O5 runs (red curves) and future LISA (purple curve) constrain the amplitude of GW produced in such an early kination epoch. CMB puts a bound on the GW energy density fraction as GW contribute to the radiation energy density.
If GWs are overproduced, they will affect the universe expansion rate during CMB decoupling, which may not be allowed from the constraint on the extra radiation component obtained from CMB. For the homogeneous initial condition of GW, CMB put an upper bound [57] [58] [59] [60] on fraction of GW energy density as:Omega G W h 2 <= 2 × 10 −7 which is shown by the magenta dashed line. Particularly, LIGO O1 bound (top red curve) signifies that if there is an early kination epoch after inflation until T 1 = 490 GeV then the scale of inflation is below H inf 10 13 GeV. Here, for simplicity, we have considered a scale-independent primordial tensor power spectrum, i.e., n t 0. 
Second order perturbation theory
We have closely followed [61] to calculate the second order GW spectrum induced from the first order scalar perturbations. Evolution of second order gravitational wave amplitude h is given as
where the source term S(k, η)) is
In this expression, ψ p is the primordial scalar perturbation and µ = k·p kp with f (k, p, η) given as:
Where Φ(|p|η) is the first order scalar transfer function, which is related to the Bardeen potential Φ p (η) and primordial fluctuations ψ p as:
Now, in order to calculate the evolution of source term we need to calculate the first order scalar transfer function Φ(pη). In the appendix A, we have derived the expression for Φ(pη) to be
We are working under the approximation that GW are generated instantaneously as the
Amplitude Figure 5 . Evolution of scalar source and induced gravitational waves throughout different epochs after horizon re-entry. The source evolves as a −γ1 and a −γ2 in the kination and radiation epoch respectively and becomes constant at the beginning of matter domination. The induced tensor fluctuations evolve as a −1 during kination and radiation era and settle down at some later epoch (matter domination) at the constant value set by the source term. The modes relevant to our analysis correspond to very high frequencies, and therefore they have not yet settled down completely at the constant value of the source term.
primordial curvature perturbations of a particular mode enter the horizon. After that, the evolution of that mode is governed by the transfer function. Therefore second order tensor transfer function t(k, η) is defined as
where h (i) k is the GW amplitude at the horizon entry. At the horizon entry, we can neglect the time derivative terms in (5.4) to calculate the h
(5.10)
The power spectrum for any mode at the time of horizon crossing is defined as
where η i (k) is the time when mode k enters the horizon. After horizon entry, the mode evolves according to the transfer function, such that the second order power spectrum at any time can be written as:
Now the expression for power spectrum at horizon crossing P (i) h (k, η i ) can be derived using the Eq.s (5.5), (5.10) and (5.11) . After some straightforward algebra, we arrive at
(5.13) Where P (p) is the primordial scalar power spectrum. In this work we have used two different scalar power spectra, as explained in section 4, to calculate second order the tensor power spectra.
Tensor Transfer Function
Second order tensor transfer function depends on the evolution of the source term S. In Fig. 5 we have shown how the evolution of source term and the amplitude of GW changes if we have an extra period of stiff domination. Now let us consider a mode k = a k H, which enters the horizon during SD period. At horizon entry, the GW amplitude immediately becomes equal to the source term as given in Eq. (5.10). If the source term decays as a γ 1 during the SD era and as a γ 2 during radiation dominated era, then
where a T1 is the scale factor at the time when SD ends. It was show in the ref.
[61] that source term, S ≈ 1 η 2 1 (kη) 2 ∝ 1 a 4 in a radiation epoch. We assume that source term will decay faster in SD than that in radiation era i.e. γ 2 < γ 1 . On the other hand GW amplitude h just redshifts as a −1 till the time it becomes equal to source term at time a * k . Therefore, we have
Now let us define a sufficiently large scale k c for a fixed time η, such that modes with k > k c have never settled down by the time η, they just keep on redshifting as a −1 . Thus,
Where k T1 is the scale corresponding to time a T1 . Now if there is no SD era, then feeding in γ 1 = γ 2 and k T1 = k eq in this relation gives back the result in radiation era obtained in [61] . Now for the modes with k > k c , transfer function is given as
However, for the modes with k T1 < k < k c (η), transfer function is given as
Now combining these results with the transfer functions obtained in [61] , we get the full second order transfer function for all the modes:
We now have all the necessary quantities to calculate the initial tensor power spectrum as well as the final GW spectrum. For the purpose of analysis relevant for this paper, we are working in the regime k > k T1 , therefore using the expression for Φ(kη) from Eq. (5.8) valid in this regime, we can rewrite the expression for P We will solve this equation for two different primordial scalar power spectra. Now, the fraction of scond order GW energy density today, Ω
GW, 0 is then given by Ω (2) GW, 0 = a 0 k 2 a eq k 2 eq t 2 (k, η 0 )P (i) h (k) .
(5.21)
Second order GW spectrum for Gaussian Power spectrum
First, we use the Gaussian power spectrum given by Eq. (4.4) to calculate the tensor power spectrum at horizon crossing. We have fixed P p = 0.0067, σ p = 3 and pivot scale k p = 
Second order GW spectrum for Broken Power spectrum
In order to solve for initial tensor power spectrum with broken power law scalar power spectrum, we put x = p/k and use the broken power law spectrum given by Eq. (4.3) . Therefore the expression for P (i) h (k) is now given as
We have fixed P p = 0.0069, m = 3, n = 0.5 and pivot scale k p = 6 × 10 12 Mpc −1 . We then numerically solve these integrals for the k values lying in the range [10 −3 k p ,10 3 k p ]. Using this and the appropriate transfer function, we calculate the Ω
GW, 0 , which is plotted against frequency in fig. 5 .2.1. Again, it is evident from the Fig. 5.2.1 that it reaches the maximum value at k = 6 × 10 12 and then becomes constant.
Discussion and summary
PBH formed in the early universe can be considered as a probe for the smaller scales of inflation as well as for pre-BBN cosmology in alternate settings. In this paper, given a primordial power spectrum with a rise in amplitude for the smaller scales, we have discussed the effect of an alternate pre-BBN cosmological history in the abundance of PBH and on the amplitude of first and second order GW. Sec. 3 discusses the modification of the PBH mass spectrum f PBH (M ) and the total PBH abundance f tot PBH in an arbitrary pre-BBN SD epoch and comments on the possible gain in abundance in contrast with PBH formed in a radiation era. The analysis in Sec. 4 explains that the requirement of the amplitude of primordial curvature power spectrum P ζ (k) is lower for PBH formation in a SD epoch with 1/3 < w < 1 than in a radiation epoch. Exact calculations for f tot PBH ∼ 10% are quoted in Table 1 which show that a kination epoch (w = 1) requires almost half of the amplitude of P ζ (k) at the peak at k = k p in contrast with reaching the same abundance in RD. Exact mass spectra are shown for three different features of the rise in amplitude of P ζ (k) in Fig. 2 and Fig. 3 for two different positions of the peak at k p = 2 × 10 6 Mpc −1 and k p = 6 × 10 12 Mpc −1 respectively.
In Sec. 5, we have analysed the effect of such an early SD epoch on the resulting GW spectrum. The first order GW spectrum calculated in subsection 5.1 has an enhancement for the modes that enter the horizon during SD epoch due to modification in the transfer function in this epoch. The final Ω (1) GW,0 (k) depends on w, T 1 and H inf . Here, for an early kination epoch w = 1 we have considered a particular frequency f (T 1 ) 10 −4 where this epoch end and radiation starts to dominate at T 1 = 490 GeV. The T 1 considered to calculate GW spectra in Sec. 5 is different than that considered while calculating PBH abundance in Sec. 4, for the reason that moving T 1 towards T BBN enhances the GW power spectra even more which can overshoot the bound from CMB. Howerver, a high value of T 1 leads to a smaller value of the last term in Eq. (3.16) resulting in a smaller gain in the kination epoch as compared to radiation epoch. Then, to reach desirable PBH abundance, the power requirement may be little higher than what is quoted in Table 1 for w = 1, however, it will still be smaller than that required for w = 1/3.
Present and future GW interferometers such as aLIGO and LISA will constrain the scale of inflation. Fig. 4 shows that non-observation of primordial GW signal in LIGO O1 constrains H inf ≤ 10 13 GeV, which is consistent with the current upper bound on the tensor-to-scalar ratio r < 0.067 from Planck [2] . Large primordial curvature perturbations at small scales that are relevant for PBH formation can source second order GW. In case of an early SD epoch, the second order GW profile is calculated in subsection 5.2 for the broken power law and Gaussian primordial spectrum for frequencies that are relevant to the future sensitivity range of LISA corresponding to k p = 6 × 10 12 Mpc −1 . We found that for the same primordial spectra, the second order GW amplitude is enhanced in a kination epoch as compared to a pure radiation epoch. Upcoming LISA observation can therefore constrain the equation of state of a possible early SD epoch given the small scale primordial spectrum.
If primordial curvature perturbations have large amplitude at such small scales then any observed GW spectrum in LISA can have contributions from all orders in perturbation theory. Although in our case, the orders of the first and second order GW spectrum are quite different considering H inf ∼ 10 13 GeV, degeneracies in the amplitude of GW spectrum originating at different orders of perturbation theory may arise for other cases with a different P ζ (k) or different w,T 1 . A possible way to break the degeneracy in the contribution from first and second order is that the first order GW spectrum will not depend on the feature of P ζ (k), whereas the second order GW spectrum tracks the profile of P ζ (k).
The effects of an early kination epoch on PBH formation and GW discussed in this paper points to an interesting path to phenomenology by simultaneously considering the observational constraints on the PBH mass spectrum and observational constraints on the amplitude and feature of the GW from future GW surveys. This paper focuses on the proposed sensitivity and relevant frequency range for future LISA mission, whereas similar analysis can be carried out for present and future PTA observations for GW spectrum, where the relevant frequency range is f ∼ 10 −8 Hz, which corresponds to near solar mass PBH. With the proposed improvement in precision for the astrophysical and cosmological experiments constraining PBH abundance and with the proposed high sensitivity of future GW missions such as LISA and aLIGO, DECIGO and PTA, a rich phenomenological understanding of the pre-BBN epoch is expected and intended. Moreover, the theories leading to a non-standard pre-BBN epoch such as quintessential inflation leading to an early kination epoch can be constrained with such a phenomenological analysis.
The exact implications of the inflationary power spectrum for PBH formation in a kination epoch can be interpreted in terms of parameters and field values of the underlying model of inflation. An early SD epoch, particularly a pre-BBN kination epoch may also have interesting predictions for the spin of the PBH formed in this epoch. The merger rate for PBH formed in such an epoch [62] can also be calculated. We hope to explore these aspects of non-standard pre-BBN cosmology in future.
A Transfer function for first-order scalar modes
In the absence of entropy perturbation, evolution of the Φ p in any epoch with equation of state parameter w, is governed by the following equation (see Eq.(B3) in [61] ). This can be written as follows, which will be valid for both super and sub horizon modes Φ(pη) = 1 1 + (pη) 3/2 , η < η T1 , (A.7)
where we have neglected the oscillation term. This can be compared with the expression for the first order scalar transfer function in [61] given as:
